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In this work we obtain the mass parameter for a class of static spherically symmetric regular black holes (BHs)
(i.e., Bardeen, Hayward and Ayo´n-Beato-Garcı´a BHs) in terms of red/blueshifts of photons emitted by geodesic
particles (for instance, stars) orbiting around these ones. To achieve the above, we first find the constants of
motion from the study of the motion of both geodesic particles moving in stable circular orbits and photons
ejected from them and reaching a distant observer (or detector) in the equatorial plane for the above mentioned
regular BH classes. Finally, we present the relationship between red/blueshifts of photons and the regular BH
observables. We also find the bounds on the red/blueshifts of photons for these different BH cases.
I. INTRODUCTION
The existence of black holes (BHs) in the cosmos has been
confirmed by recently detected gravitational waves (GWs) by
LIGO and Virgo collaborations [1, 2] and with the first direct
image of compact object M87 by the Event Horizon Telescope
(EHT) collaboration [3–8]. BHs, which are characterized by
three externally observed classical parameters namely, mass
M , spin a and charge Q, are one of the most interesting com-
pact objects predicted by Einstein’s general relativity theory
(GRT), as well as by other modified gravitational theories (i.e.,
f(R) [9], Gauss-Bonnet [10], Lovelock [11], massive grav-
ity [12], modified gravity [13], string theory [14], and some
more.).
Hence, to know about the properties of BHs and the physics
in their vicinity, it is important to determine BH observables
(i.e. M , a and Q) in terms of quantities which are astro-
physically relevant. With this motivation at hand, Herrera and
Nucamendi (hereafter known as HN) came up with an algo-
rithm to obtain the mass and spin parameters of a Kerr BH as a
function of red/blueshifts (zr and zb, respectively) of photons
emitted by geodesic particles (say stars) orbiting in stable cir-
cular orbits around it and the radius of their respective orbits
[15]. In their work they found an explicit expression for the
parameter a in terms of zr, zb, radius of circular orbit and the
parameter M of Kerr BH. However, they argued that parame-
ter M cannot be found explicitly as it satisfies an eighth order
polynomial in M and one needs to find it numerically. Later,
the HN algorithm was used to obtain the observables of Bo-
son stars and Reissner-Nordstro¨m BH in [16] and for rotating
Kerr-MOG BH in [17]. As the algorithm found by HN is used
in the context of a few compact objects only, it is interesting
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and important to develop more theoretical templates such that
if we have a set of observational data containing red/blueshifts
emitted by geodesic particles orbiting around a BH at differ-
ent radii {zr, zb, r} then, with the help of HN approach, it is
possible to constrain the values of BH observables with the
help of that data set.
Additionally, it is widely known in GRT that collapsing
matter forms a spacetime singularity if the strong energy con-
dition and the existence of global hyperbolicity hold [18, 19].
A singularity is a location in spacetime where the laws of nor-
mal physics breaks down. However, it is also well established
that these singularities are only due to the limitations of GRT
and must be get rid of in a quantum gravity theory. Though
we do not have any trustable theory of quantum gravity till
now, many phenomenological attempts have been made to get
rid of these spacetime singularities and study its effects. In
this context, many researchers proposed BH solutions even
in GRT which are popularly known as regular BHs [20–24].
These types of BH solutions do have an event horizon reh but
no spacetime singularities. In these regular BHs models the
singularity theorem is bypassed in a way such that these BH
solutions only satisfy the weak energy condition and not the
strong one. It is important to note that these (regular) BHs
are not the solution of Einstein vacuum field equations, but
can be found either by using non-linear electrodynamics, or
by revamping the gravity. Interestingly, the recent research
on gravitational wave echoes by Abedi and Afshordi [25] also
gave a hint about the existence of quantum BHs.
Motivated by this line of research, in this paper we specif-
ically infer the mass parameter of static spherically symmet-
ric Bardeen, Hayward and Ayo´n-Beato-Garcı´a (ABG) BHs in
terms of red/blueshifts of photons emitted by geodesic parti-
cles moving in their stable circular orbits around these regular
BHs (see Fig.1 for pictorial representation of the setup used).
It is worth to point out here that we consider that, without
loss of generality due to spherical symmetry, the whole setup
which comprises of the emitter (star), detector (observer) and
photons will lie in the equatorial plane (θ = pi/2) of BH.
The remainder of paper is organised as follows: In Sec.
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FIG. 1. Pictorial representation of the setup in which a massive
geodesic test object is moving around a BH in a stable circular or-
bit. Here, emitter, observer and the trajectory of photons all lie in the
equatorial plane (θ = pi
2
).
II, we give a brief overview of the HN algorithm and note
down the general form of some important quantities for a
static spherical symmetric spacetime (SSSS) that are impor-
tant for later sections. Additionally, in Subsection II A we also
find the expressions like effective potential (Veff ), conserved
energy per unit mass (E), conserved orthogonal component
of orbital angular momentum per unit mass to the azimuthal
rotation (L), double derivative of (Veff ), azimuthal and time
components of 4-velocity (i.e., Uφ and U t), angular veloc-
ity (Ω) of the geodesic particles moving in circular orbits in
the equatorial plane around the SSSS of compact objects and
redshift (zr) of the photons emitted from them. In Sec. III,
we work with the metric function f(r) for Bardeen regular
BHs, discuss the properties of event horizon, find the asso-
ciated explicit expressions for conserved quantities E and L
for geodesics particles moving around these BHs in stable cir-
cular orbits with the help of general formulas found in Sec.
II. Later, we obtain the mass parameter M as a function of
frequency shift z, radius of stable circular orbits re (later for
simplicity used as r) and the parameter g. We also verified
our results with the Schwarschild BH in the limit g → 0. Fi-
nally, in Sec. III, we graphically find the bounds on frequency
shift z and analyze the mass parameter M for Bardeen reg-
ular BH as a function of r and z. These analyses must be
carried out numerically; hence, in this section, we also pro-
vide a numerical algorithm which is employed with the reg-
ular Hayward and ABG BHs in Sec. IV and V respectively.
It is worth mentioning that we also used equations of motion
for photons emitted by geodesic particle and traveling along
null geodesics before getting detected by an observer (resid-
ing at a far away location from the emitter). We finally present
a summary of our work and conclude with the results in Sec.
VI. Throughout the paper, we work with the sign conventions
(−,+,+,+) and use the spherical polar coordinate system.
Greek letters denote the spacetime indices, while Latin letters
use for space indices only. Unless otherwise stated, geometric
units are used for the fundamental constants, c = GN = 1.
II. BRIEF OVERVIEW OF HERRERA-NUCAMENDI
ALGORITHM
The starting point of the HN [15] algorithm, is the defini-
tion of the frequency shift z associated to the emission and
detection of photons
1 + z =
ωe
ωd
. (1)
Here ωe is the frequency emitted by an observer moving with
a photon emitter particle at the point e and ωd the frequency
detected by an observer far away from the source of emission.
These frequencies are given by
ωe = −kµUµ|e , ωd = −kµUµ|d, (2)
where Uµ = (U t, Ur, Uθ, Uφ) is the 4-velocity of a particle
that moves in a geodesic trajectory in certain spacetime, par-
ticularly we deal with static spherically symmetric spacetimes
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2
(
dθ2 + sin2θdφ2
)
. (3)
The geodesic particles are emitting photons which have
4-momentum kµ = (kt, kr, kθ, kφ) that move along null
geodesics kµkµ = 0.
In order to compute the frequencies (2) we need to find Uµ
as well as kµ. The 4-velocities Uµ can be found by consider-
ing the Euler-Lagrange equations
∂L
∂xµ
− d
dτ
(
∂L
∂x˙µ
)
= 0, (4)
with the Lagrangian L given by
L = 1
2
[
gttt˙
2 + grr r˙
2 + gθθ θ˙
2 + gφφφ˙
2
]
, (5)
being x˙µ ≡ dxµdτ and τ the proper time. Since the metric (3)
depends solely on r and θ there are two quantities that are
conserved along the geodesics
pt =
∂L
∂t˙
= gttt˙ = gttU
t = −E,
pφ =
∂L
∂φ˙
= gφφφ˙ = gφφU
φ = L. (6)
From (6) two components of the 4-velocity vector are read-
ily found
U t = − E
gtt
=
E
f(r)
, Uφ =
L
gφφ
=
L
r2sin2θ
. (7)
3The normalized 4-velocity condition
−1 = gtt(U t)2 + grr(Ur)2 + gθθ(Uθ)2 + gφφ(Uφ)2. (8)
renders
(Ur)2 + f(r) Veff = 0, (9)
here Veff is an effective potential given by
Veff = 1 + r
2Uθ − E
2
f(r)
+
L2
r2sin2θ
. (10)
The 4-momentum kµ can be obtained in a similar fashion.
Using the same Lagrangian (5) one gets two conserved quanti-
ties for photons: the energy and the orthogonal component of
the angular momentum to the azimuthal rotation respectively.
Eγ = f(r)k
t , Lγ = r
2sin2θ kφ. (11)
Thereby kt and kφ can be written in terms ofEγ and Lγ re-
spectively, which are needed in (2) which in turn are required
to obtain 1 + z which reads now as
1 + z =
(
EγU
t − LγUφ − Urkr/f(r)− r2Uθkθ
)|e
(EγU t − LγUφ − Urkr/f(r)− r2Uθkθ)|d . (12)
Astronomers report the observational data in terms of a
kinematic frequency shift zkin defined as zkin = z−zc where
zc known as the central frequency shift, corresponds to a grav-
itational frequency shift of a photon emitted by a static particle
located in on the line going from the center of coordinates to
the far away observer (represented by the green zig-zag line
in Fig. 1). Hence
1 + zc =
(EγU
t)|e
(EγU t)|d =
U te
U td
. (13)
The kinematic redshift zkin = (1+z)−(1+zc) can be written
as
zkin =
(U t − bUφ − 1Eγf(r)Urkr − 1Eγ r2Uθkθ)|e
(U t − bUφ − 1Eγf(r)Urkr − 1Eγ r2Uθkθ)|d
− U
t
e
U td
(14)
where we have introduced the quantity b ≡ Lγ/Eγ known
as the apparent impact parameter of photons. As the photon
energy Eγ and the orthogonal component of orbital angular
momentum Lγ to the azimuthal rotation are conserved along
null trajectories from the point of emission until detection, the
value of the impact parameter is preserved i.e., be = bd.
The analysis may be carried out either with z given by (12)
or with zkin, in this paper we work with the latter. The ex-
pression (14) is rather simplified for circular orbits (Ur = 0)
in the equatorial plane (Uθ = 0)
zkin =
U teU
φ
d bd − U tdUφe be
U td(U
t
d − bdUφd )
. (15)
What is not yet included in (15) is the light bending due to
gravitational field, that is to say, we still need to find b = b(rc)
where rc is the radius of the circular orbit of the photons emit-
ter. To construct this mapping, we consider photons emitted
at both sides of the compact object as shown in figure 1 by the
red and blue zig-zag lines. At those points kr = 0 and kθ = 0,
whereas kt and kφ are already known and are given in (11).
From kµkµ = 0 one attains
b± = ±
√
−gφφ
gtt
= ± r√
f(r)
. (16)
However, if the observer is very far from the photons emit-
ter (i.e. r → ∞), all the spatial components of the detector’s
four-velocity (i.e., Ur, Uθ and Uφ) vanish in this asymptotic
limit, except the component U t = 1 = E. In this case, the
kinematic frequency shift (15) reduces to
zkin = −Uφbe. (17)
According to (16), the impact parameter b(r) may have
two different signs, so does the kinematic frequency shift
zkin. The frequency shift corresponding to receding emitter
is known as a redshift (zr > 0), while the frequency shift of
an approaching emitter is known as a blueshift (zb < 0).
A. Circular Orbits
For equatorial orbits the effective potential acquires a sim-
ple form [26]
Veff = 1 +
E2
gtt
+
L2
gφφ
= 1− E
2
f(r)
+
L2
r2
. (18)
For circular orbits Veff and its derivative
dVeff
dr vanish.
From these two conditions one finds two general expressions
for the constants of motion E2 and L2 for any static spheri-
cally symmetric spacetime
E2 = − g
2
ttg
′
φφ
gttg′φφ − g′ttgφφ
=
2f2(r)
2f(r)− rf ′(r) , (19)
L2 =
g2φφg
′
tt
gttg′φφ − g′ttgφφ
=
r3f ′(r)
2f(r)− rf ′(r) , (20)
where primes denote derivative with respect to r. Stability of
circular orbits is guaranteed provided that V ′′eff > 0 holds.
The general expression for V ′′eff reads
V ′′eff = −E2
[
g′′ttgtt − 2(g′tt)2
g3tt
]
− L2
[
g′′φφgφφ − 2(g′φφ)2
g3φφ
]
=
g′φφg
′′
tt − g′ttg′′φφ
gttg′φφ − g′ttgφφ
+
2g′ttg
′
φφ
gφφgtt
=
2[rf(r)f ′′(r) + 3f(r)f ′(r)− 2rf ′(r)]2
rf(r)[2f(r)− rf ′(r)] . (21)
4The explicit expressions for the energy and angular momen-
tum, (19) and (20), were used in the last step. If we employed
them now in (7) one obtains expression for the 4-velocities in
terms of f(r) only
Uφ =
√
f(r)′
r(2f(r)− rf ′(r)) , U
t =
√
2
2f(r)− rf ′(r) .
(22)
The angular velocity of particles in these circular paths can be
readily found
Ω =
√
− g
′
tt
g′φφ
=
√
f ′(r)
2r
. (23)
Since we have an explicit expression for both, Uφe and be,
the frequency shift becomes
z = Uφe be+ =
√
−gφφg′tt
gtt(gttg′φφ − g′ttgφφ)
=
√
rf ′(r)
f(r)(2f(r)− rf ′(r)) . (24)
In the next section, we will analyze the relationship be-
tween the mass parameter of three regular BHs in terms of
the red/blueshifts of light emitted by geodesic particles orbit-
ing in circular trajectories of radius rc. For each case, we will
find bounds of these frequency shifts.
III. BARDEEN REGULAR BLACK HOLE
Our first working example is the Bardeen spacetime. This
was the first regular BH model in general relativity, it was
later on reinterpreted as the gravitational field of a nonlinear
magnetic monopole, namely as a magnetic solution to Ein-
stein equations coupled to a nonlinear electrodynamics [27].
For this spacetime, the function f(r) reads
f(r) = 1− 2M
r
[
r2
r2 + g2
]3/2
≡ 1− 2M
r
RB(r, g). (25)
As the parameter g → 0, the function RB(r, g) → 1 and
(25) becomes the Schwarzschild metric. A plot of f(r) for
different values of g is shown in Fig. 2, it has two roots which
disappear as g increases. Consequently Bardeen spacetime
possesses an exterior (and interior) event horizon rextH (r
int
H )
for certain values of g and M . In order to locate these event
horizons one has to find the roots of f(r) = 0. It is convenient
to introduce the variables r˜ = r/M and g˜ = g/M ; hence,
finding the roots of f(r) = 0 is akin to finding the roots of
r˜6 + (3g˜2 − 4)r˜4 + 3g˜4r˜2 + g˜6 = 0. (26)
0.0 0.5 1.0 1.5 2.0 2.5 3.0
-3
-2
-1
0
1
r

f
(r
)
FIG. 2. (Color-online) Plot of f(r˜) as a function of r˜ = r/M for
different values of parameter g˜. Here, g˜ = g/M changes from zero
(Purple) to unity (red) in steps of 0.1. As g˜ increases its value, the
roots of f(r˜) get closer and then cease to exist. For g˜ > 0.76 ap-
proximately, f(r˜) is always positive.
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FIG. 3. (Color-online) Plot shows the bound on the parameters Q, g
and l of ABG, Bardeen and Hayward BHs, respectively. Here, the
BHs exist in the shaded region region only. Whereas, dots (blue, red
and green) represent the location of extremal (ABG, Bardeen and
Hayward) BHs case. It worth to mention that parameters r,Q, g and
l are normalized with the mass parameter M of the respective BHs.
There are two roots real and positive if and only if 0 < g˜ <
0.7698, otherwise there are no real and positive roots at all.
At g˜c = 0.7698 the two roots collide as shown in Fig. 3, it
is also shown the bounds on the parameters l and Q of the
Hayward and ABG BHs as well. Shaded regions corresponds
to the existence of BHs, the dots point out the location of the
critical cases. The upper (orange) line represents the external
event horizon. We will work in the region outside the exterior
5horizon r > rextH , whose value depends on g and M , that is
rextH = r
ext
H (g,M) and is found by solving (26). Hence r >
rextH is a condition that we ought to keep in mind. We must
also mention that only when the mass M exceeds the critical
mass Mc = 3
√
3g/4 we have the pair of event horizons.
What we are seeking is to find an analytical formula for the
mass parameter M = M(z, r, g), where r is the radius of cir-
cular orbits followed by geodesics particles emitting photons
whose frequency shift is z as detected by a far away observer,
g is a parameter of the compact object. To reach this goal, we
insert function (25) into (24) and find
z2 =
MR(r2 − 2g2)
(r − 2MR)[g2 + r(r − 3MR)] , (27)
which is a relationship between the redshift (blueshift) z, the
mass parameter M and the radius rc of a particle’s circular
orbit that emits light. (27) makes sense provided that z2 >
0. It turns out that existence of circular orbits demands r2 −
2g2 > 0 and g2 + r(r− 3MR) > 0; thus (27) is consistent as
long as r − 2MR > 0. In the limit g → 0, this last condition
is akin to working outside the event horizon r > 2M for the
Schwarzschild BH. (27) leads us to an analytical expression
to compute the mass parameter
M± =
r
12z2RB(r, g)
[
(1 + 5z2) +
2g2
r2
(z2 − 1)± 1
r2
√
H(r, z, g)
]
, (28)
where theH and RB are given by
H(r, z, g) = (1 + 10z2 + z4)(r2 − 2g2)
[
r2 − 2g
2(z2 − 1)2
1 + 10z2 + z4
]
, RB(r, g) =
r3
(r2 + g2)3/2
.
Observing that 0 < (z2 − 1)2/(1 + 10z2 + z4) ≤ 1 and
due to the condition r2 − 2g2 > 0, it turns out that H > 0 al-
ways; hence, the mass parameter is never a complex quantity.
Nonetheless, (28) still poses a problem, since for a particle
following a circular orbit and emitting light with a shift z, it
is not physically acceptable to have two values of the mass
parameter. Lets figure out how to overcome this difficulty.
Using the conditions for existence of circular orbits, namely
Veff = 0 and V ′eff = 0, explicit expressions for E
2 and L2
were found in the previous section. For Bardeen case, these
are
E2 =
(r − 2MR)2(r2 + g2)
r2[g2 + r(r − 3MR)] , (29)
L2 =
Mr(r2 − 2g2)R
[g2 + r(r − 3MR)] , (30)
(29) requires that g2+r(r−3MR) > 0 whereas (30) requires
additionally that r2 − 2g2 > 0. On the other hand, circular
orbits are stable provided that V ′′ > 0, from (21) V ′′ reads
V ′′eff =
[
r3(r − 6MR) + 8g2(r2 − g2)]2Mr4
(r2 + g2)4R[r − 2MR][g2 + r(r − 3MR)] , (31)
which is positive as long as
r3(r − 6MR) + 8g2(r2 − g2) > 0. (32)
Therefore, in addition to the condition (32), the conditions
r − 2MR > 0 , r2 − 2g2 > 0,
g2 + r(r − 3MR) > 0, (33)
must be simultaneously satisfied.
It can be verified that as g → 0 the mass parameter (28)
reduces to the one for Schwarzschild BH [16], namely
M±(r, z) = r
1 + 5z2 ±√1 + 10z2 + z4
12z2
. (34)
Stability for circular orbits (31), in this limit, implies r > 6M .
In [16] it was proven that r > 6M led us to the conclusion
that only the minus sign in (34) is allowed and that there is
a bound for the frequency shift, explicitly |z| < 1/√2. The
function M = M(r, z) given by (34) is in geometrized units
(G = c = 1). We scale M and r by an arbitrary multiple of
the solar mass pM, for Sgr A, p = 2.72 × 106. Its graph is
shown in figure 4.
For Bardeen BH, solely the minus sign in (28) is allowed
as well. To see that this is indeed the case, we substitute the
expression (28), for the mass parameter M±, into the stability
condition (32). After some algebra (32) becomes
LHS ≡ −(1 + 3z2)(r2 − 2g2)(r2 − 2g2G(z)) > ±r2
√
H,
with G(z) = 4z
2
1 + 3z2
. (35)
Recalling the condition r2 − 2g2 > 0, for the case |z| ≤ 1,
it is apparent that 0 ≤ G(z) ≤ 1, then one has r2 > 2g2 >
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FIG. 4. (Color-online) The mass parameterM for the Schwarzschild
black hole is shown as a function of he frequency shift z ( redshift
z > 0 and blueshift z < 0) and the radius r of an eventual circular
orbit of a photon emitter. M and r are in geometrized units and
scaled by pM where p is an arbitrary factor of proportionality.
2g2G(z); therefore, the left hand side in equation (35) LHS is
negative and the positive sign appearing in (35) is out of the
question; thereforeM+(r, z) must be discarded. Nonetheless,
for |z| > 1, the function G(z) is bounded as 1 < G(z) < 4/3
and verifying analytically that (35) holds for just the minus
sign is not straightforward. We checked numerically that
(35) holds only with the minus sign for a variety of intervals
0 ≤ g ≤ gmax, rmin ≤ r ≤ rmax and 1 < z ≤ zmax
satisfying r2 − 2g2 > 0 (zmax going beyond unity). This
establishes the uniqueness of the mass parameter given by
(28), only M−(r, z) is compatible with the stability condi-
tion of circular orbits. The stability condition (35), together
with (33) should allow us to find the bounds for z and plot
M = M−(g, r, z).
We shall carry out the analysis in the region outside the
exterior event horizon r > rextH which exists only for g <
0.7698M , otherwise one has a globally regular spacetime,
these class of solutions have been proven to exist, yet they
are given numerically [28, 29]. The numerical algorithm to
perform this analysis is provided next.
1. Construct a domain D which is a set of points
{(gi, rj , zk)} = Pijk
2. For each point Pijk compute M+ and M− with (28)
3. Test whether (33) and (32) are simultaneously fulfilled
(for Bardeen’s case, they are satisfied solely for M−
never for M+).
(a) If the conditions are fulfilled. Then storeM(Pijk)
and z = z(gi, rj), the former to plot M =
M(g, r, z), the later to be constructing the bounds
of z.
(b) If the conditions are not satisfied. For the cur-
rent point Pijk there is not a physically acceptable
value of the parameter M and this point Pijk can
be disregarded
4. We can distinguished between a Bardeen BH or a
globally regular spacetime by testing whether Q <
(0.317)(2M) is satisfied.
(a) It is satisfied (BH). Then one has to find rextH =
rextH (gi, rj , zk) and verified that rj > rH , if it
is the case, continue, otherwise remove this set
{Pijk,M(Pijk)} from the plot M = M(g, r, z),
select another point and go back to 2.
(b) It is not satisfied (Globally regular spacetime).
Then any r > 0 is acceptable at this stage, store
M(Pijk) and z = z(gi, rj) and continue.
5. Go back to 2. until every point in the domain D has
been tested and data stored.
It turns out that with M+ there is not a single point in the
domain D, no matter how large it is constructed, for which
all conditions are simultaneously fulfilled. On the other hand,
working with M−, there is a subset DBHM ⊂ D where these
conditions are simultaneously satisfied and those are consid-
ered physically acceptable. Thus, a measurement of the red-
shift z of light emitted by a particle that follows a circular
orbit of radius r in the equatorial plane around a Bardeen BH
(g˜ = g/M < 0.7698) will have a mass parameter determined
byM = M−(r, z, g) given in (28) whose domain is the subset
DBHM . Part of this subset is shown in Fig. 5, where the bounds
of z in terms of g and r are plotted, only for z between the
lower (red) surface and the upper (green) surface, the con-
ditions for circular stable orbits of photon emitters together
with r > rextH are simultaneously satisfied. For g = 0 the
Schwarzschild bound |z| < 1/√2 is certainly recovered. The
gap between the bounding surfaces |zsup− zinf | narrows as g
increases its value. For g˜ > 0.7698 one has globally regular
(GR) spacetimes, there is a subset DGRM where the conditions
for circular stable orbits of photon emitters are simultaneously
fulfilled. Part of this subset is shown in Fig. 5.
We scale M and r by an arbitrary multiple of the solar
mass, i.e. by pM. Fig. 6 shows this numerically gener-
ated scaled relationship M = M(r, z, g) which is symmetric
with respect to the frequency shift z (zred > 0, zblue < 0) for
g = 0.1, 0.5, 1.0, 2.0. For g = 0.1 the graph M = M(r, z)
is nearly the one shown above in Fig. 4 for Schwarzschild
BH, yet there is a gap in the z axis that splits the regions for
z > 0 and z < 0. z is no longer bounded as |z| < 1/√z as
in the Schwarzschild case, it allows a little bit larger values.
The mass parameter allowed for the globally regular space-
time sector (green color) is considerably smaller than for BH
sector (red-blue color) yet, since there is no event horizon, in
principle, stable circular orbits of photon emitters may allow
smaller radii than those for the BH sector. As g increases, the
surface M(r, z) for the BH region, splits more notoriously
into two parts for the red and blueshifts; this gap width varies
with r according to Fig. 5. The green sector for GR space-
times and the red-blue sector for BHs is separated by the crit-
ical mass Mc = 3
√
3g/4.
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FIG. 5. (Color-online) In the upper plot, we presents bounds of z
for Bardeen’s BH. The only allowed frequency shifts that could be
detected by a far away observer is located in the gap zmin < z <
zmax. The value of z never goes beyond unity. In the middle plot,
we present bounds of z for globally regular Bardeen’s spacetime,
only z ∈ [zmin, zmax] are allowed. The two surfaces zmax and
zmin corresponding to Bardeen’s globally regular and BH spacetime
respectively, coincide when z < 1. Whereas, when z > 1 only
globally regular spacetime is allowed. This is shown in the lower
plot where we have superimposed both bounds for Bardeen BH and
globally regular spacetimes.
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FIG. 6. (Color-online) The mass parameter M for Bardeen’s BH
g/M < 0.7698 (red99Kblue colors) is shown as a function of the
frequency shift z ( redshift z > 0 and blueshift z < 0) and the
radius r of an eventual circular orbit of a photon emitter for four
values of g. The green surface corresponds to the mass parameter
for the globally regular spacetime sector g/M > 0.7698. M and r
are in geometrized units and scaled by pM where p is an arbitrary
factor of proportionality. Here, the numerical algorithm employed
yields the known critical mass Mc = (3
√
3g)/4 that separates the
BH from the GR spacetime (see text for details).
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FIG. 7. (Color-online) Stable circular orbits for the Schwarzschild
spacetime are found for r˜ = r/M > rISCO = 6. For Bardeen
BH, this rISCO = rISCO(g˜) is shown in the upper curve (red
color), where g˜ = g/M < 0.7698. We also present the behaviour
of rISCO = rISCO(l˜) for the Hayward (middle red curve) and
rISCO = rISCO(Q˜) for the ABG (lower green curve) BH as func-
tion of their corresponding parameters l/M and Q/M respectively.
For g = 0 (Schwarzschild) one has stable circular or-
bits for r˜ = r/M > 6 = r˜s. As mentioned above, for
g˜ = g/M < g˜c = 0.7698 Bardeen spacetime is a BH. As
g˜ grows, the value of this lower limit r˜s for stability decreases
as shown in the upper red curve in Fig. 7. In the same fig-
ure one may see the behaviour of r˜s = r˜s(l˜) for the Hayward
(middle red curve) and r˜s = r˜s(Q˜) for the ABG (lower green
curve) BH as function of their corresponding parameters l and
Q respectively. It is for the Bardeen BH that this stability limit
is lowered the most.
We end this section calculating the angular velocity Ω of
photon emitters orbiting in stable circular orbits. The relation-
ships for U t and Uφ given in (22) are employed to compute
Ω = Uφ/U t =
√
f ′/r4. For Bardeen metric it reads
Ω(g, r, z) =
√
M(r2 − 2g2)
(g2 + r2)5/2
. (36)
The angular velocity becomes a function of g, r, z after sub-
stituting M− given in (28). Ω is indeed a real quantity
since r2 − 2g2 > 0. For g = 0, the angular velocity for
Schwwarzschild BH is recovered
Ω(r, z) =
√
M
r3
=
√
F−(z)
r2
, (37)
where F− = (1 + 5z2 −
√
1 + 10z2 + z4)/(12z2).
IV. HAYWARD SPACETIME
Our second working example is the Hayward BH model.
Its gtt component reads
f(r) = 1− 2Mr
2
r3 + 2l2M
≡ 1− 2M
r
RH . (38)
As it happens with the Bardeen spacetime, the function
RH(r, l) =
r3
r3 + 2l2M
, (39)
RH(r, l) → 1 as the parameter l → 0 and the Schwarzschild
BH is recovered. The function f(r) behaves in a similar fash-
ion as Bardeen’s, i.e. it has two roots for l˜ = l/M < 0.7698
which implies the existence of an exterior rextH and inte-
rior rintH event horizons, these horizons are found by solving
f(r˜) = 0 (where r˜ = r/M ), which is equivalent to finding
the roots of
r˜3 − 2r˜2 + 2l˜2 = 0. (40)
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FIG. 8. (Color-online) Plot of f(r˜) as a function of r˜ = r/M for
different values of parameter l˜. Here, l˜ = l/M changes from zero
(Purple) to unity (red) in steps of 0.1. As l˜ increases its value, the
roots of f(r˜) get closer and then cease to exist. For l˜ > 0.7698,
f(r˜) is always positive.
For l˜ 6= 0 the cubic has two real and positive roots and are
given by Cardan’s formula, provided that l˜ < l˜c = 0.7698.
At the critical value l˜c the two horizons rextH and r
int
H col-
lide as it is shown in figure 3. For l˜ = 0 one is left with the
Schwarzschild horizon r˜ = 2. We will work in the region out-
side the exterior horizon r > rextH . The critical mass in this
case is Mc = 3
√
3l/4. Once again, in order to find the mass
parameter M = M(z, r, l) we substitute the Hayward func-
tion f(r) into (24) to attain a relationship between the redshift
z, the Hayward parameter l, the radius of the photon emitter r
and the mass parameter M
z2 =
Mr5R−1H (r, l)(r
3 − 4l2M)
[(r − 2M)r2 + 2l2M ][r5(r − 3M) + 4l4M2 + 4l2Mr3] .
(41)
9Expressions for E2, L2 and V ′′ are computed as well
E2 =
(r2(r − 2M) + 2l2M)2
[r5(r − 3M) + 4l4M2 + 4l2Mr3] , (42)
L2 =
Mr4(r3 − 4l2M)
[r5(r − 3M) + 4l4M2 + 4l2Mr3] , (43)
V ′′ =
2M
[
r5(r − 6M) + 22l2r3M − 32l4M2]
[r5(r − 3M) + 4l4M2 + 4l2Mr3][(r − 2M)r2 + 2l2M ] .
(44)
Existence of circular orbits is guaranteed as long as
E2, L2 > 0, that is to say, the following two conditions
r5(r − 3M) + 4l4M2 + 4l2r3M > 0,
r3 − 4l2M > 0, (45)
simultaneously hold. Equation (41) additionally requires that
r2(r − 2M) + 2l2M > 0, (46)
which is satisfied since we are working outside the exterior
horizon. Lastly, circular orbits stability V ′′ > 0 is akin to
demanding that
r5(r − 6M) + 22l2r3M − 32l4M2 > 0. (47)
It is apparent that as l→ 0, the condition for stability of cir-
cular orbits V ′′ > 0 implies r > 6M as in the Schwarzschild
BH case.
From (41) one arrives at a cubic equation to get M =
M(z, r, l) (l 6= 0), explicitly
C3M
3 + C2M
2 + C1M + C0 = 0, (48)
where
C3 = 8l
4(r2 + z2(l2 − r2)),
C2 = z
2(12l4r3 − 14l2r5 + 6r7) + 2l2r5,
C1 = z
2(6l2r6 − 5r8)− r8,
C0 = z
2r9.
It can be verified that for l = 0 (48) becomes the mass pa-
rameter formula (34) for Schwarzschild. Given a cubic equa-
tion, there could be either three real roots or one real root and
two complex. We have verified numerically that only one real
value of the mass parameter allows the conditions for stabil-
ity of circular orbits to be fulfilled together with the condition
r > rextH ; furthermore, these conditions are satisfied solely
for |z| < 1. This analysis was performed using a combination
of bisection and Newton-Raphson methods to solve (48). We
have also attained the bounds of z = z(l, r). We just basically
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FIG. 9. In the upper plot, we presents bounds of z for Hayward’s
BH. The only allowed frequency shifts that could be detected by a far
away observer is located in the gap zmin < z < zmax. It turns out
that z < 1. In the middle plot, we present bounds of z for globally
regular Hayward’s spacetime. Only z ∈ [zmin, zmax] are allowed.
The two surfaces zmax and zmin corresponding to Hayward’s glob-
ally regular and BH spacetimes respectively, coincide when z < 1.
Whereas, when z > 1 only globally regular spacetime is allowed.
This is shown in the lower plot where we have superimposed both
bounds for Hayward’s BH and globally regular spacetimes.
followed the five steps of the numerical algorithm described
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in the previous section.
In figure 9 one observes bounds of the frequency shifts for
the two sectors: black-holes (upper plot) and globally regular
spacetimes (middle plot). DBHM is a subset where all the con-
ditions for existence of stable circular orbits of photons emit-
ters outside the exterior event horizon are satisfied. It stretches
out in the region where zmin < z < zmax (see upper plot in
figure 9) it happens that zmax < 1. The corresponding sub-
set for the global regular sector is shown in the middle plot
in the same figure. The surface zmax(g, r) for GR coincides
with the zmin(g, r) for the BH case, but in the case the sur-
faces spreads further and allows z > 1 differing from the BH
case. This is shown in the lower plot where we have super-
imposed both bounds for Hayward’s BH and globally regular
spacetimes.
As in the Bardeen working example, we scale M and r by
an arbitrary multiple of the solar mass. Plots of M = M(r, z)
for different values of the Hayward parameter l follows an
analogous pattern as Bardeens plots. This means that for l =
0.1 the graph M = M(r, z) is rather similar as the one for
Schwarzschild BH. The gap in the z axis that splits the regions
for z > 0 and z < 0 also increases its width as l increases.
z goes beyond the Schwarzschild bound |z| < 1/√z, yet is
smaller than unity. Figure 10 shows this scaled relationship
M = M(r, z) for l = 1.0 and 2.5.
The mass parameter allowed for the globally regular space-
time sector (green color) is smaller than for BH sector (red-
blue color). Since there is no event horizon, stable circular
orbits of photon emitters may allow smaller radii than those
for the BH sector. As l increases, the surface M(r, z) for
the BH region, splits more notoriously into two parts for the
red and blueshifts. Figure 10 shows this scaled relationship
M = M(r, z) for l = 1.0, 2.5.
To conclude this section, we calculate the angular velocity
Ω of photon emitters orbiting along stable circular orbits. The
relationship Ω =
√
f ′/r4 is employed, it yields for Hayward
metric
Ω(g, r, z) =
√
M(r3 − 4l2M)
2l2M + r3
. (49)
The angular velocity becomes a function of l, r, z after insert-
ing M(l, r, z) solution of the cubic equation (48). Ω is indeed
a real quantity since r3 − 4l2M > 0 in compliance with (45).
Once again, for l = 0 the angular velocity for Schwarzschild
metric is recovered.
V. AYON-BEATO-GARCI´A REGULAR BLACK HOLE
The two previous working examples are regular models that
avoid the BH singularity problem, yet they are not truly solu-
tions to the Einstein field equations, there are no known physi-
cal sources associated with them. Unlike these models, Ayon-
Beato and Garcı´a (ABG) constructed a singularity free exact
solution of the Einstein field equations coupled to nonlinear
electrodynamics satisfying the weak energy condition. The
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FIG. 10. The mass parameter M for Hayward’s BH l/M < 0.7698
(red99Kgray color) is shown as a function of the frequency shift z
(redshift z > 0 and blueshift z < 0) and the radius r of an eventual
circular orbit of a photon emitter for l = 1 and l = 2.5. The green
surface corresponds to the mass parameter for the globally regular
spacetime sector l/M > 0.7698. The third and fourth plots cor-
responds to the mass parameter M for solely globally regular (GR)
spacetimes for l = 2.0, 4.0, one observes that M increases with l;
nonetheless, it is much smaller than the one for a BH. Here, our nu-
merical algorithm yields the bound that separates the BH from glob-
ally regular spacetime and agrees with the relationship given in [23].
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FIG. 11. (Color-online) Plot of ABG’s f(r˜) as a function of r˜ = r/Q
for different values of parameter Q˜. Here, Q˜ = Q/2M changes from
0.1 (Purple) to unity (red) in steps of 0.1. As Q˜ increases its value,
the roots of f(r˜) get closer and then cease to exist. For Q˜ > 0.32
approximately, f(r˜) is always positive.
function f(r) given by
f(r) = 1− 2Mr
2
R3/2
+
Q2r2
R2
with R = r2 +Q2. (50)
This function asymptotically behaves as the one corre-
sponding Reissner-Norsdstrom BH
f(r) = 1− 2M
r
+
Q2
r2
+O(1/r3), (51)
which possesses also two event horizons given by rH = M ±√
M2 −Q2 which are real and distinct provided that M2 >
Q2.
ABG spacetime possesses an event horizon for certain val-
ues of Q and M . In order to locate the event horizon one has
to find the roots of f(r) = 0. It is convenient to introduce
the variables r˜ = r/Q and Q˜ = Q/(2M); hence, finding the
roots of f(r) = 0 is akin to finding the roots of
(r˜8 + 6r˜6 + 11r˜4 + 6r˜2 + 1)Q˜2 − r˜4(1 + r˜2) = 0. (52)
Figure 3 shows the external rextH and internal r
int
H event
horizons. We work in the region outside the exterior hori-
zon r > rextH , whose value depends on Q and M , that is
rextH = r
ext
H (Q,M), this is a condition that we ought to keep
in mind.
As mentioned, in order to find an analytical formula for the
mass parameterM = M(z, r,Q), where r is the radius of cir-
cular orbits followed by geodesics particles emitting photons
whose frequency shift is z as detected by a far away observer
and Q is the electric charge of the compact object, we insert
function (50) into (24), (19), (20) and (21), to find the analytic
expressions for the redshift, the energy, the angular momen-
tum and the second derivative of the effective potential
z2 =
r2R2
[
Q2(Q2 − r2)−M√R(2Q2 − r2)
]
[
−2M2√R+ (R2 +Q2r2)
][
−3Mr4√R+ (R3 + 2Q2r4)
] , (53)
E2 =
R3f2(r)
−3Mr4√R(R3 + 2Q2r4) , (54)
L2 =
r4
[
Q2(Q2 − r2)−M√R(2Q2 − r2)
]
−3Mr4√R(R3 + 2Q2r4) , (55)
V ′′eff =
2
[
AM2 +BM + C
]
R2
[
−2Mr2√R+ (R2 +Q2r2)
][
−3Mr4√R+ (R3 + 2Q2r4)
] , (56)
where A = −6r6R2 , B = R3/2(r819Q2r6 + 9Q4r4 − 8Q6r2 − 8Q8) and C = 4Q4R(Q6 − 3Q2r4 − 3r6).
Since the analytic expressions for the energy and angular
momentum come from the condition for existence of circular
orbits, then E2 > 0, L2 > 0 must hold simultaneously for
circular orbits, their stability requires V ′′eff > 0. Of course
z2 > 0 must hold as well. Hence we have a set of three
conditions to have stable circular orbits in addition to z2 > 0.
−3Mr4
√
R+ (R3 + 2Q2r4) > 0, (57)
12
Q2(Q2 − r2)−M
√
R(2Q2 − r2) > 0, (58)
−2Mr2
√
R+ (R2 +Q2r2) > 0, (59)
AM2 +BM + C > 0. (60)
Yet it is by using (53), that one finds a formula for the
mass parameter of Ayon-Beato-Garcia regular BH M =
M(z, r,Q). (53) is a quadratic for M and one attains
M± =
g0(r,Q) + g2(r,Q)z
2 ±
√
(r2 − 2Q2)2R4 − 2R2h2(r,Q)z2 + h24(r,Q)z4
12r4z2
√
R
, (61)
where
g0(r,Q) = R
2(r2 − 2Q2) , g2(r,Q) = 2Q6 + 9Q4r2 + 19Q2r4 + 5r6, (62)
h2(r,Q) = 4Q
8 + 16Q6r2 + 17Q4r4 + 3Q2r6 − 5r8 , h4(r,Q) = 2Q6 + 3Q4r2 +Q2r4 − r6. (63)
We mentioned that ABG BH behaves asymptotically as the
Reisnner-Nordstrom spacetime, in particular, in this limit, we
recovered the expression found in [16], namely
M±(r, z,Q) = rG±, (64)
where
G = 1
12z2
{
(1 + 5z2) +
7Q2z2
r2(
1 + 10z2 + z4 +
Q2z2
r2
[
Q2z2
r2
− 2(z2 + 5)
])1/2}
.
(65)
In [16] it was proven that only M− was physically ac-
ceptable; hence, the uniqueness of the mass parameter was
guaranteed. The external event horizon is given rH = M ±√
Q2 −M2, as a result, given a chargeQ, the mass parameter
must be greater than |Q|. This fact is illustrated in Fig. 12 for
the case Q = 5, as an example.
In the ABG BH, the stability conditionAM2 +BM+C >
0 and the other conditions (57), (58) and (59) should allow us
to find bounds for z and to determine whether for each point
Pijk = (Qi, rj , zk) there exists just one mass M . We have
performed the analysis following the numerical algorithm al-
ready described.
It turns out that with M+ there is not a single point in the
domain D no matter how large it is, for which all conditions
are simultaneously fulfilled, on the other hand, working with
M−, there is a subset for the BH sector DBHM ⊂ D where
these conditions are simultaneously satisfied and those are
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FIG. 12. Scaled mass parameter of Reissner-Norsdtrom blak-hole
with charge Q = 5. Since the event horizon is given by rH =
M ±√Q2 −M2, the mass parameter M > Q. Not all redshifts
could be detected by a a faraway observer, none in the gap between
the region for red and blueshifts.
considered physically acceptable. We partially show this sub-
set in the upper plot of Fig.13. DBHM spreads out between the
surfaces zmin = zmin(Q, r) and zmax = zmax(Q, r). For
Q˜ = Q/M > Q˜c = 0.634, one encounters globally regular
spacetimes, its corresponding DGRM is displayed in the middle
plot of Fig. 13. However, the lower plot of Fig. 13 presents
the superimposed image of the above two.
The scaled mass parameterM = M(Q, r, z) for the ABG’s
BH is presented in the first plot in Fig. 14, for the value of the
charged Q = 2. As Q increases the gap between the zone
for red and blueshifts broadens. The second plot in Fig. 14
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FIG. 13. In the upper plot, we presents bounds of z for ABG’s BH.
The only allowed frequency shifts that could be detected by a far
away observer is located in the gap zmin < z < zmax. In the middle
plot, we present bounds of z for globally regular ABG’s spacetime.
Only z ∈ [zmin, zmax] are allowed. The two surfaces zmax and
zmin corresponding to ABG’s globally regular and BH spacetimes
respectively, coincide when z < 1. Whereas, when z > 1 only
globally regular spacetime is allowed. This is shown in the lower
plot where we have superimposed both bounds for ABG’s BH and
globally regular spacetimes
corresponds to the mass parameterM(Q = 2, r, z) for ABG’s
globally regular spacetime. The third plot we superimposed
both cases.
As in the two previous globally regular spacetimes
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FIG. 14. The mass parameter M for ABG’s BH for Q = 2 is shown
in the first plot as a function of the frequency shift z ( redshift z > 0
and blueshift z < 0) and the radius r of an eventual circular orbit of a
photon emitter. The second plot displays M(Q = 2, r, z) for ABG’s
globally regular spacetime sector. The third plot superimposes both
cases. Here, our numerical algorithm yields the bound that separates
the BH from globally regular spacetime and agrees with the relation-
ship M = 1.57Q.
(Bardeen and Hayward), the ABG’s GR case, for small values
of radii of photon emitters’ stable circular orbits, both there
are two values of the mass parameter for which all the con-
ditions are fulfilled, this fact was considered physically unac-
ceptable. The plots for GR spacetimes were constructed from
radii that show uniqueness of the mass parameter.
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To close this section, the angular velocity Ω of photon emit-
ters orbiting along stable circular orbits is computed. The re-
lationship Ω =
√
f ′/r4 is employed, for ABG metric it reads
Ω(Q, r, z) =
√
Q2(Q2 − r2)−MR1/2(2Q2 − r2)
R3/2
, (66)
whereR = Q2+r2. The angular velocity becomes a function
of l, r, z after inserting M−(Q, r, z) solution of the quadratic
equation (61). Ω is indeed a real quantity sinceQ2(Q2−r2)−
MR1/2(2Q2 − r2) > 0 in compliance with (58).
VI. SUMMARY AND CONCLUSIONS
In this paper, we have determined the mass parameter of
regular spacetimes (Bardeen, Hayward and ABG) in terms of
the frequency shifts z of light emitted by particles traveling
along circular geodesics of radii r orbiting in these spaces.
We have found explicit formulas for the three cases, two of
them (Bardeen and ABG) come from quadratic equations for
the mass. The three examples have a BH sector which possess
two event horizon, we work outside the exterior one, and a
globally regular spacetime sector. For the case of BHs, from
the two solutions M± in Bardeen and ABG cases, only the
M− yields the fulfilment of the conditions for existence of
stable circular orbits for photon emitters. For Hayward’s BH,
the mass parameterM(l, r, z) can be found by solving a cubic
equation. From the real possible solutions, only one satisfies
the conditions for existence of stable circular orbits for pho-
ton emitters. The analysis was carried out numerically in a
domain D = {(pi, rj , zk)} where p stands for the parame-
ter g, l or Q for the Bardeen, Hayward and ABG spacetimes
respectively.
Not all values of z would be detected from a faraway ob-
server, that is, there are bounds for the frequency shifts. For
the BH sector, there is a subset DBHM ⊂ D where all con-
ditions for existence of photon emitters’ stable circular orbits
are simultaneously satisfied (together with the additional con-
dition r > rextH ), in that subset, the mass parameter is unique.
This subset was shown for each spacetime discussed. Inas-
much as for GR sector there is not an event horizon, the anal-
ysis for existence of photon emitters’ stable circular orbits is
performed for all circular radii; nonetheless, since for small
radii, the conditions for stable circular orbits are satisfied for
two values of the mass parameter, we discarded those regions
and plotted the subset DGRM where M is unique. The mass
parameter for the BH sector is considerably larger than those
for the GR sector. For the three cases, as the corresponding
parameter increases, the gap between the region for red and
blueshifts broadens. The angular velocity for photons emit-
ters orbiting along to stable circular orbits were found for the
three working examples. A study for rotating regular BHs is
being carried out and we will report the findings somewhere
else.
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